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CENTRAL LIMIT THEOREMS FOR RANDOM POLYGONS IN AN 
ARBITRARY CONVEX SET 

By John Pardon 

Princeton University 

We study the probability distribution of the area and the number 
of vertices of random polygons in a convex set K C R 2 . The novel 
aspect of our approach is that it yields uniform estimates for all 
convex sets K C R 2 without imposing any regularity conditions on 
the boundary dK. Our main result is a central limit theorem for both 
the area and the number of vertices, settling a well-known conjecture 
in the field. We also obtain asymptotic results relating the growth of 
the expectation and variance of these two functionals. 

1. Introduction. Consider a Poisson point process in a convex set K C 
]R 2 of intensity equal to the Lebesgue measure. We denote by II^ the convex 
hull of the points of this process; IIr- is called a random Poisson polygon. We 
denote by N = N(Hk) the number of vertices of Tlx and by A = A(T1k) the 
area of K \ Tlx- In this paper, we develop techniques to study the distribu- 
tions of these random variables. Our main result is a central limit theorem, 
which is uniform over the set of all convex K C M 2 : 

Theorem 1.1. As Area(-ftT) — > oo, we have the following central limit 
theorems for Uk •' 
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Here &(x) = P{Z < x) where Z is the standard normal distribution. 



The novel aspect of our approach is that we require no regularity on dK; 
it is this that enables us to obtain bounds which are uniform over all convex 
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sets. Previous results on random polygons analogous to Theorems 1.1 have 
been confined to two cases: (i) K a polygon [4, 7] and (ii) dK of class C 2 
with nonvanishing curvature [8]. The key part of our argument is our use of 
a new compactness result for various types of local configuration spaces of 
convex boundaries. 

As a consequence of our techniques, we also prove the following: 

Theorem 1.2. As Area(K) — > oo, we have the following estimates for 

(1.3) E[iV]xVariVxE[y4]xVarA 

In other words, there is (up to a constant factor) only one parameter, say 
EL4], which controls the asymptotics of the distributions of N and A. Thus, 
for example, the error terms in Theorem 1.1 could have instead been stated 
in terms of the variances. 

For completeness, we should mention what is known about the growth of 
(say) EL4], which can be effectively estimated using elementary geometric 
and combinatorial techniques. In dimension two, one has 

(1.4) log[Area(.FO] « E[A] <C [Area(K)] 1/3 . 

[In particular, the error terms in Theorem 1.1 go to zero as Area(-fT) — > oo.] 
The estimate (1.4) is a consequence of the economic cap covering lemma of 
Barany and Larman [1] in combination with other estimates in [1] and those 
of Groemer [6] (in fact, their results apply to higher dimensions as well). We 
remark that the lower asymptotic is achieved when K is a polygon, and the 
upper asymptotic is achieved when dK is C 2 with nonvanishing curvature. 

We conclude by remarking that in recent years there has been significant 
progress in the study of random polytopes, but again most results deal only 
with the cases when (i) K is a polytope [3], and (ii) dK is C 2 with nonvan- 
ishing Gauss curvature [10, 15]. We believe that an approach similar to ours 
should be possible in higher dimensions as well. This would shed new light 
on problems in that setting, and ultimately show that there is no qualitative 
difference between the cases (i) and (ii). 

1.1. The uniform model random polygons. A model related to Hk is 
Pk,u '■= conv. hull.(Xi, . . . ,X n ) where X{ are i.i.d. uniformly in K; Px,n is 
called a random polygon. This is often referred to as the "uniform model" 
whereas II^ is the "Poisson model." Morally they are the same process in 
the limit Area(-fT) = n — > oo (though making this precise is often difficult). 



1 After this paper was written, we learned that Imre Barany and Matthias Reitzner 
have independently proved this result, as well as the closely related Corollary 1.4. 
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It has been a well-known open problem to prove central limit theorems 
for functionals of Px,n- For instance, Van Vu [5] has asked the question of 
whether a central limit theorem holds for A(P# >n ), though the problem is 
a very natural one in the study of random polygons, a subject that began 
with work of Renyi and Sulanke [11, 12]. Theorems 1.1 and 1.2 both carry 
over to the setting of Pku-, thus answering this question in the affirmative. 

Corollary 1.3. As n — > oo, we have the following central limit theo- 
rems for P K , n : 
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uniformly over all convex K . Here §{x) = P(Z < x) where Z is the standard 
normal distribution. 

Corollary 1.4. As ti — y oo, we have the following estimates fov Pku- 



(1.7) 



E[AH x VariV 



n 



Area(AT) 



E[A] 



Area(K) 



Var^ 



uniformly over all convex K. 



As in the case of the Poisson model, these results are well known in the 
field in the two cases (i) K a polygon and (ii) dK of class C 2 with non- 
vanishing curvature. The innovation in this paper is that all K are treated 
uniformly. 

A detailed derivation of Corollaries 1.3 and 1.4 from Theorems 1.1 and 
1.2 will appear elsewhere [9]. Suffice it to say here that they are almost 
immediate consequences of the corresponding results on the Poisson model 
once one proves that when n = Area(X), the variables N{PK,n) and N(JIk) 
[as well as A(PK, n ) and ^4(IIx)] have the same expectation and variance up 
to a small enough error. 



2. The basic decomposition. In this section, we illustrate our basic ap- 
proach. We will aim for Theorem 1.1, and Theorem 1.2 will be a corollary 
of our methods. 

First, we observe that the functionals and A both enjoy decompositions 
into local pieces. We define N(a, j3) to equal the number of edges of II whose 
angle lies in the interval [a, j3\ C ffi/2-7r. The definition of A(a,f3) is best 



4 



J. PARDON 




angle a 



angle f3 



Fig. 1. Illustration of A(a,/3). 



explained graphically (see Figure 1). Thus for any fixed sequence of angles 
a.\ < o<2 < • • • < oil, we have the following decompositions: 



During the proof, we often do not need to distinguish between whether we 
are dealing with iV or i. Thus we will use A (II) to denote either N or A 
when a statement holds for both. 

A central limit theorem will follow if we can find a choice of {a«} such 
that the moments of X(a>i,aii+i) are bounded uniformly, and such that the 
dependence between X(oti,oti+i) and X(aj,otj+i) becomes small as \i — 
j\ — > oo. Our construction is to choose so that the intervals [a,, at+i] 
have constant affine invariant measure (a measure depending on K). In 
this paper, we give a more or less explicit description of the affine invariant 
measure, which in practice should allow its easy estimation for any given 
class of convex sets, and thus a complete description of the behavior of 
random Poisson polygons and random polygons. As we remarked in the 
Introduction, a key result is the compactness of various configuration spaces. 

After fixing notation in Section 3, we define the affine invariant measure in 
Section 4. Section 5 is devoted to the crucial step of proving the compactness 
of the configuration spaces. Using the information coming from compactness: 

• In Section 6, we estimate the moments of X (Proposition 6.1). 

• In Section 7, we estimate the long range dependence of X (Proposition 



• In Section 8, we recall an estimate the variance of X due to Imre Barany 
and Matthias Reitzner (Proposition 8.1). 

The remainder of the paper contains the explicit deduction of Theorems 1.1 
and 1.2. 



(2.1) 
(2.2) 



TV = N( ai ,a 2 ) + ■■■ + N(a L , «i) 
A = A(ai,a 2 ) H hi(ai,ai). 



7.5). 
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angle 6 



(a) Illustration of W K {6) 



(b) Illustration of Ck{j>,9) 



Fig. 2. Illustration of some definitions. 



3. Notation and definitions. In this paper, K will always denote a (boun- 
ded) convex set in M 2 . 

We warn the reader that in most of the literature, one fixes Area(-RT) = 1 
and then considers a Poisson process of intensity A — > oo. We have chosen 
instead to use the normalization A = 1 and let Area(-FT) — > oo. This is con- 
venient for us because it makes many of our formulas simpler to state. 

Any constants implied by the symbols C, > or x are absolute; in par- 
ticular they are not allowed to depend on K. There will be times when we 
require Area(iT) 3> 1; this is no real restriction to us since in the end we 
will take Aiea(K) ->• oo. The group Aff(2) = M 2 x SL 2 (R) is the group of 
(oriented) area preserving affine transformations of M. 2 ; it acts naturally on 
the entire problem studied here. 

Many of the following definitions are illustrated in Figure 2. We may leave 
out the subscript K later when doing so is unambiguous. 

Definition 3.1. We define the random variable Wk(0) to be the vertex 
of Hk which has an oriented tangent line at angle 9. This is illustrated in 
Figure 2(a). 

Definition 3.2. A cap at angle 9 is the intersection of K with a half- 
plane Hq at angle 9. We may specify a cap at angle 9 by giving either its area 
r or a point p £ dHg. These are denoted Ck(t, 9) and Ck(j>, 0), respectively; 
the latter is illustrated in Figure 2(b). 

Definition 3.3. We define the real number Ak(p,9) to be the area of 
the cap Ck{p, 9). 

Lemma 3.4. The random variable Wk{9) has probability distribution 
given by exp(— ^^(p, #)) dp where dp is the Lebesgue measure. 
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Fig. 3. Illustration of the function h. 



Proof. This follows directly from the definition of a Poisson point pro- 
cess. □ 



Definition 3.5. We define the function fx(x,9) : [0, 1] x R/2tt — > R as 
follows: 



'length of {dH e )nK, 



(3.1) 



Mx,6) 



1 



where C K log -, 9) =H e nK 



if x > exp(— Area(-RT)), 
k 0, if x < exp(— Area(-fC)). 



It will be important to have the following bound on the growth of /: 



Lemma 3.6. Ify< x, then 

(3 2) ffl < t& 

V-!ogy ~ \/-logx" 

The bound above is sharp; for instance fix) = const -\/— logx for K = 
{x,y > 0} (i.e., the first quadrant). 



Proof of Lemma 3.6. Project K along the lines at angle 9 to get a 
height function h : [0, oo) — > M>o; in Figure 3, h(£) is the length of the thick 
segment. Now if A(£) = ^h{l') dt' then f(exp(-A(£))) = h(£). Thus we see 
that it suffices to show that the function 



(3.3) 



H£) 
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Fig. 4. Illustration of an inequality. 



is decreasing. Differentiating with respect to £, we see that it suffices to show 
that 

(3.4) h(£) 2 -2ti(£)A(£)>0. 

For £ = 0, the left-hand side is clearly nonnegative, and the derivative of the 
left-hand side equals — 2h" (£)A(£), which is > by concavity of h. □ 

Lemma 3.7. If Avea(K) > 21og ±, then f(y) < 2f(x) for y>x. 

Proof. Refer to Figure 4. The area of the upper trapezoid is < log - 
since it is contained in C(log -, 6). The area of the lower triangle is > log ^ 
since it contains K\ C(log-,#) and Are&(K) > 2 log-. Similar triangles 
gives the following inequality: 

(3.5) /(!HM< 



log(l/x) log(l/x) 
Simplifying yields f(y) < 2f(x). □ 

4. The affine invariant measure. 



Proposition 4.1. For every g e Aff(2), we have 



(4.1) r* g [f gK (x,0fde] = f K {x,6) 2 d0 



where r g : W/2tt — > W/2tt is the action of g on line slopes. We say u f(x, 9) 2 d6 
is affine invariant." 

Proof. Define v(0) to be the vector of length f(x,9) parallel to the 
chord whose length gives f(x,9). Then we have 

(4.2) / 2 f(x, 9) 2 d6= [ 2 v(0) x dv(0). 
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The right-hand side is invariant under the action of Aff(2), so the result 
follows. □ 

Definition 4.2. We define the affine invariant measure to be fix '■= 

f K {e-\efde. 

The e-wet part of K is defined as the union of all caps of area e. In the 
literature, estimates for random polygons are frequently expressed in terms 
of the area of the e-wet part of K. It is, perhaps, not surprising that our 
notion of the affine invariant measure is related to the area of the wet part 
in the following manner: 



Lemma 4.3. One has the following relation: 




Proof. Consider the area swept out by the line segments bounding the 
caps of area 1 at angles 7 S [a,f3] (area covered twice is counted twice). On 
the one hand, this area just equals 

(4.4) 2 Are J \J C K (1, 7)) - Area(Cfr(l, «)) - Area(Cfr(l, /?))• 

On the other hand, we may express the area as an integral dO. Each line 
segment rotates about its midpoint (since the area of the caps is constant), 

so the area covered is just the d6 integral of j£^ e -'PJy 2 \y\ dy = ^f{e~ 1 ,0) 2 . 

Comparing this with (4.4) yields the result. □ 

5. Compactness of configuration spaces. 

Definition 5.1. Define a configuration space C(r) for r > as follows. 
The objects of C{r) are convex subsets of M? of area r with a distinguished 
line segment on their boundary. As a set, C(r) is equal to everything of 
the form [H n K, (dH) n K), where K is any convex set of area > 2r and 
H is a half-plane such that H n K has area r. A typical member of C{r) 
is illustrated in Figure 5(a). We emphasize that the space C(r) does not 
depend on any choice of convex set K; rather it is the space of all caps of 
area r that come from some convex set of area > 2r. 

We call C(r) the configuration space of caps of area r. If c € C(r), then 
we call the distinguished part of its boundary its flat boundary and the 
undistinguished part of its boundary its convex boundary. We let the half- 
plane of c equal the unique half-plane which contains c and whose boundary 
contains the flat boundary of c (this is exactly the H appearing above). 
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We topologize C{r) by using the Hausdorff metric to compare both the 
set and its distinguished subset. Explicitly, d((A, Aq), (B, Bq)) = d(A,B) + 
<1(Aq,Bq). Let us observe that there is a natural action of Aff(2) on C(r); 
it is continuous. Certainly C(r) is not compact, since the group Aff(2) is 
noncompact. However, we will show directly that C(r)/Aff(2) is compact. 
This simple fact will be an essential tool in virtually all of the estimates in 
the remainder of this paper. 

Lemma 5.2. The space C(r)/ Aff(2) is compact. 

Proof. Let c\,C2,... be a sequence of elements of C(r)/ Aff(2). Pick 
representatives £1,62, .. . in C{r) so that the flat part of ddi is the unit line 
segment on the contained in the upper half-plane, and the highest 

y-coordinate of any point in £j is attained at This is illustrated in 

Figure 6. 

By Lemma 3.7, we conclude that Are&(K) > 2r implies that every hor- 
izontal chord in £j has length < 2. This implies that — | < x < | for any 
x-coordinate of a point in q. On the other hand, c\ contains a triangle of 
base 1 and height hi, so by comparing areas we must have \hi<r. Thus we 
conclude that q C [— |, |] x [0, 2r]. It is well known that the space of con- 
vex sets of fixed volume in some bounded region of M. d given the Hausdorff 
topology is compact (this is the so-called Blaschke selection theorem). Thus 
we conclude that there exists a subsequence of q that converges. □ 




Fig. 6. Compactness of C(r)/ Aff(2) . 
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Fig. 7. Compactness o/C(ri,e,r 2 )/ Aff(2). 

Definition 5.3. We define the complex configuration space C(ri,e,r2) 
for r\,r2 > and < e < min(n,r2) as follows. We let C(r\,£, r?) denote a 
particular subset of C(r\) x Cfa)- An ordered pair (01,02) G C(n) x C(r2) is 
in C(ri,£, if and only if it satisfies the following: 

• Area(ci n C2) = £■ 

• If H\ is the half-plane of c\ , then Hi D C2 = ci n C2 . 

• If i?2 is the half-plane of C2 , then ci D i?2 = c i H C2 . 

• It holds that angle(-Hi) < angle(i?2) < angle (#1) + 7r. 

We then give C(ri,e, T2) the subspace topology. 

One can see that the middle two conditions taken together just mean 
that ci and C2 coincide on Hi n H2, and the last condition just says that ci 
precedes C2 if we traverse their convex boundary counterclockwise. Examples 
appear in Figure 5(b) and in Figure 8. 

Lemma 5.4. The space C(ri,e, T2)/ Aff(2) is compact. 

Proof. Let (ci,di), (02,^2), ... be a sequence of elements of the quotient 
C(ri,£,r2)/ Aff(2). Lift these to a sequence (ci,di), (£2,(^2)1 • • • in C(ri,e,r2) 
where we assume (after passing to a subsequence using Lemma 5.2) that 
ci,C2, • • • is convergent to cSC(ri). 

Now refer to Figure 7. Label the intersection of the flat boundary of di 
with the convex boundary of Cj as pj. Label the intersection of the flat 
boundaries of di and c, as qi. Label the intersection of the flat boundary of 
di with its convex boundary other than pi as rj. Clearly we can extract a 
subsequence for which pi converges to a point p on the convex boundary of 
c, and then extract a further subsequence for which qi converges to a point 
q on the flat boundary of c. The only subtlety in this proof is to observe 
that < e < r\ shows that p and q are not on the corners of c. 

Given p and q, the boundedness of the area of di implies that rj is 
bounded, so we extract another subsequence for which additionally rj con- 
verges to a point r. Now it is easy to see that the fixing of c,p,q,r provide 
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only a bounded set for di to range over, so compactness follows again using 
the Blaschke selection theorem. □ 

Lemma 5.5. There exists an absolute constant Mq < oo such that if 
we are given K and angles a < (3 with hk([(x,I3]) > Mq, then we can find 
a sequence a < 70 < 71 < • • • < 7l < /3 so that (Ck^i-i, 1), Ck{%, 1)) € 
C(l,|,l) onrfIxjajf([a,/3]). 

Proof. Let 70 = a. Now define 7^ inductively for i > 1 as follows. The 
function 

(5.1) Area(C(l,7i_i)nC7(l,7)) for 7 e [ 7 i-i,7i-i + tt] 

is strictly decreasing until it reaches zero, where it remains constant. Thus 
there exists a unique 7$ so that Area(C(l,7i_i)nC(l,7i)) = \. We now have 
an infinite chain of angles a = 70 < 71 < 72 < • • • so that C(l, 7$) D C(l, 7i+i) 
has area ^ for i > 0. This is illustrated in Figure 5. 

Let L be the maximum index such that 7^ < (3. Note that since C(l, 5, 1) 
is compact, there exist absolute constants < Yj. < I2 < 00 ( n °t depending 
on i^T) such that 

(5.2) F 1 </i^([7 i)7i+1 ])<F 2 
for all i. Thus we conclude that 

(5.3) Y\L < Mho,lL}) < VK([a,(3\) < Y 2 (L + 1), 
which is sufficient. □ 

6. A moment estimate. An ingredient in the central limit theorems for 
the polygonal case is a moment estimate [7], page 341, Lemma 2.5, and [4], 
page 36, Lemma 2.1. Here, we prove an analogous estimate in general. 

Proposition 6.1. Let X denote either N or A. There exist absolute 
constants Mq < 00 and e > such that for any convex K and interval [a, (3] 
with nxdot, /3]) > Mq, we have the following estimate: 

(6.1) Eexp(XX K (a,f3)) < 1 for all \\\ < e/ fi K ([a, f3]). 

Proof. We can split up [a,/3] into subintervals of small affine invariant 
measure, and use Cauchy's inequality, 

(6.2) Eexp(AL4 + B]) < v / pEexp(2AA)]pEexp(2A5)], 

so it suffices to show that there exist 5 > and e > so that for all K and 
[a,/3] satisfying fj,jc([a,P]) < 5, it holds that the moment generating function 
Eexp(XX K (a,(3)) is < 1 for all |A| <e. 
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Since C(l,^,l) is compact, the affine invariant measure of the interval 
between the angles of c\ and C2 is bounded below. Thus we conclude that 
it suffices to show that for every (ci,C2) G C(l, h, 1), the moment generating 
function of Xx(ai,f3) is defined in a neighborhood of zero where a is the 
angle of c\ and (3 is the angle of C2- 

Now we may put such an element (ci, C2) G C(l, ^, 1) in a standard position 
in M 2 by requiring that both boundary segments have equal length, and that 
the angles of c\ and C2 are and |, respectively, (see Figure 8). 

Thus, given the configuration in Figure 8, we would like to show that for 
sufficiently small A > 0, we have Eexp(AAj^ (0, ^)) <C 1. First, write 



Eexp 



(6.3) 



(\x K (o, 



E 



A 



exp XX K 



7T 



W(0) =p 



dP(W(0)=p). 



If X = N , then Xk(0, ^) is bounded by the number of points of the 
Poisson process in the region C(W(0), ^) \ C(W(0),0). An elementary cal- 
culation shows that Eexp(AH(/c)) = exp(/c[e A — 1]), where S(fc) is a Poisson 
distribution of parameter fc. We may assume |A| < 1, so e A - 1< 2|A|. Thus 
in this case 



E 



(6.4) 



expl AX^O, 2 



7T 



W(0) =p 



< exp ^2| A| Area (p, 



C(p,0) 



If X = A, then X x (0, f ) is bounded by C(W(0), f ) \ C(W(0),0), so we 



have 



E 



exp[ XX K [ 0, - 



7T 



W(0) =p 
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(6.6) 

< 



(6.5) 

<ex P MA|Area(cU,~) \c(p,0) 
Thus in both cases, we have the estimate 
EexpfAX*Yo,|^ 

J k exp (^2| A| Area ((J L, ^ \ C(p, 0)) \ exp(-A(p, 0))dp 

recalling Lemma 3.4. 

By compactness of C(l, 5, 1)/ Aff (2), the angle where the convex part of Cj 
meets the flat boundary of q is bounded below by an absolute constant (say 
by cj, see Figure 8). Similarly, the lengths of the flat parts of c\ and C2 are 
bounded above absolutely (say by R> 1). Thus the area above the dotted 
line in Figure 8 is bounded above absolutely, say by B = 2 + R 2 + R 2 cot a;. 

Now we claim that 

(6.7) Area(cU~J \c(p,0)J < B + /(p,0) 2 cotu; 

[recall that /(p, 0) is the length of AT where is the horizontal line passing 
through p] . If p £ ci , then the area of C(p, ^ ) \ C(p, 0) is < B by definition. If 
p ^ ci, then argue as follows: the area of C(p, §) \ C(p,0) above the dotted 
line is certainly less than B, and the area of C(p,^)\ C(p,0) below the 
dotted line is bounded by f(p, 0) 2 cotu>. 
Thus we have 



(6. 



3, \ 



<e 2|A|B / exp(2|A|/(p,0) 2 cotw)exp(-A(p,0))dp. 

JK 

If we substitute x = exp(— A(p, 0)), then the integral becomes 

(6.9) Eexp^AA^O, ~\\ < e 2|A|B ^ exp(2|A|/(x, 0) 2 cot w) die. 

Now /(e _1 ,0) < i?, so f(x,0) < R^J— logx for x < e _1 by Lemma 3.6, and 
Area(AT) 3> 1 implies /(a;, 0) < 2R for x > e~ 1 by Lemma 3.7. Thus we con- 
clude that 



(6.10) 



Eexp(W(o,£)) ^ e2WB I" x- mR2c °^dx 

+ e 2|A|B J 1 e mn 2 ^ dx ^ 
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which is bounded absolutely for small enough |A|. □ 
7. A dependence estimate. 

Definition 7.1. If S C M/27T is an interval, then we let F { P be the 
cr-algebra which keeps track of Wk{9) for 9 £ S. 

For example, is -measurable if and only if S = M/27T. 

The type of dependence estimate we prove will be an a-mixing estimate, 
that is, an estimate on \P{A n B) — P{A)P{B)\ where A and B are events 
that are supposed to be almost independent. This type of estimate has been 
used previously in studying random polygons; we were motivated to prove 
our estimate by a similar result in [7], page 341, Theorem 2.3. 

Lemma 7.2. Let [0i,#2] and [ip\,ip2\ be two disjoint intervals in ~R/2ir. 
Let A e F[e u e 2 ] an d B 6 ■ Then 

\P(ADB)- P(A)P(B)\ 



The proof is an elementary calculation and is given in the Appendix. The 
object of this section is to reexpress the right-hand side of (7.1) in terms of 
the affine invariant measure. 

Lemma 7.3. There exists an absolute constant 5 > such that if < 
ip<9 + 7T, then area of (7(1, 9) n C(l, if)) is < exp(-6fj, K ([0,if}])). 

Proof. We use Lemma 5.5 to construct a sequence 9 = 70 < 71 < • • • < 
7l < ip so that Area(C(7i, l)nC(7j+i, 1)) = \ and L x /j,k{[9,i^]). From this 
decomposition, we see that it suffices to show that there exists 5 > such 
that for all i 



(7.2) Area(C( 7j , 1) D C( 7o , 1)) <(1-S) Area(C( 7i _i, 1) D C( 7o , 1)). 



Now we know that C( 7 o, 1) = K n H for some half-plane H and that ad- 
ditionally Area((7(7i_i, 1) n C(j , 1)) = Area(C(7 i _ 1 , l)nff)<|. Hence it 
suffices to show that 



(7.1) 




« E 



ije{l,2} 



(7.3) Area(C(7i, 1) n H) < (1 - 6) Area(C(7i_i, 1) n il), 

whenever Area((7(7j_i, 1) n if) < | and angle(iJ) S (7^ — 7r,7i_i). 
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Remember that C(7i,l) and C(ji-i,l) have intersection „-. Thus it suf- 
fices to show that for every (01,02) G C(l, |, 1), the following is true: 

(7.4) Area(c 2 nm 
v ' Area(ci n H) 

whenever Area(ci n H) < ^ and angle(iJ) G (angle(c 2 ) — vr, angle(ci)) [see 
Figure 9(a)]. Here, if we put c\ and c 2 in standard position (i.e., as in 
Figure 9, with both flat boundaries of equal length), then dH has negative 
slope. Denote by q the intersection of the flat boundaries of o\ and c 2 . 
Then since Area(ci n H) < |, we must have q H. From this, we see that 
c 2 H H C c\ n H , so we may rewrite (7.4) as 

(7.5) Ar^Wjng) 
v ; Area(c 2 n il) 

The minimum of this expression is clearly a continuous function on C(l, i, 1), 
and is by definition invariant under the action of Aff(2). We know that 
C(l, \, 1)/ Aff(2) is compact, so it suffices to show that for any fixed configu- 
ration (01,02), expression (7.5) is bounded below away from zero. Certainly, 
if this ratio were approaching zero, then Area((ci \ c 2 ) n H) — > 0. However 
in this case, the situation is illustrated in Figure 9(b), where it is clear that 
ratio (7.5) in fact does not approach zero, but rather some appropriate ratio 
of lengths of the boundaries of the caps. Thus we are done. □ 

Lemma 7.4. There exists an absolute constant 5 > such that if 9 < 

(7.6) / exp(-A(p,e))eM-A(p,rp))dp<^exp(-5fj, K ([e,rP])). 
Jk 

Proof. We pick the unique 9i,ipi so that 6 < 61 < ipi < if) and hk([0, 
0i]) = M[0i^iD=M[V'i, </>])• 
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Define 



(7.7) 



S p = C(p,0)UC(p^) = (J C(p,a) 



9<a<tp 



so Area(S p ) < A(p, 0) + A{p, ip) . 

Now if A(p, a) > 1 for all a € [0,0\], then by Lemma 4.3, the area of 
S p is 3> = ^]). The same applies if A(p, a) > 1 for a 6 

Thus in both of these cases, we conclude that A(p,0) 3> fj,K([d,ip]) 
or A{jp,^)->n K ([e,i>]). 

If A(p,02) < 1 for some 02 £ [#,#1] and A(p, 1P2) < 1 for some tp2 £ ["01, 
then necessarily p £ C (1, 9±) C\ C (1, ipi) . Thus we know that for all p £ K, &t 
least one of the following is true: 



By elementary integration, the integral over the second and third regions is 
<C exp(— <5//ft-(#, ip)). The area of the first region is <C exp(— 5hk(G, VO) by 
Lemma 7.3, so we are done. □ 

Proposition 7.5. There exists an absolute constant 5 > so that if 
[01,02] and [V'1,^2] are two disjoint intervals in M/2tt, and we have events 
A e F[8i,e a ] and B G FtyiM' then 



where {01, f3) denotes fj,K([a,/3]) ifa<f3<a + 7r and fix ([/?> «]) if instead 
P<a<P + ir. 

The reader may wonder exactly what follows from an a-mixing estimate. 
We won't answer that here, though we will record here two lemmas that will 
be useful later whose hypotheses are a-mixing estimates. 

Lemma 7.6 ([13], page 115, Lemma 1(6)). Suppose X and Y are random 
variables taking values in M such that 



. peC(i,0i)nC(i,Vi), 

. A(p,0)» MK ([0,^]), 
• A(p,i/>)^>hk([0,iI>])- 



(7.8) 



\P(AnB)-P(A)P(B)\<^ Yl exp(-fl»x(0i,&)) 



ij6{l,2} 



(7.9) 



|P(X E A & Y G 5) - P(X e A)P(y £5)|<a 



/or all A,BC1. TTien we /lave 



(7.10) 



Cov(x,y)| < 6(E|x| 3 ) 1 / 3 (E|y| 3 ) 1 /V /3 . 
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Lemma 7.7. Suppose X and Y are random variables taking values in R 
such that 

(7.11) \P(X eA&YeB)- P(X G A)P(Y eB)\<a 

for all 4,SCK. Let Z = X -\-Y , and let Z equal the sum of independent 
copies of X and Y . Then we have 

(7.12) sup\P(Z <x)- P(Z <x)\<. v/a. 



Proof. Let — oo = xq < x\ < ■ ■ ■ < xn = oo be any finite increasing se- 
quence of real numbers. Then we have 

N 



(7.13) 



i=i 



N 



>-Na + J2 P ( X €(xt-i,Xi])P(Y < 



i=i 

Now using the definition of Z, we can bound this below by 
P(Z < 0) > -Na + P(Z < 0) 

(7.14) 

N 

~Y, P ( X G (xi-i,Xi))P(Y e {-Xi,-x^i)). 
1=1 

Thus we find that 

P(Z< 0) - P(Z< 0) 

(7.15) 

N 

> —Ma (xi- U Xi))P(Y e (-Xi,- Xi -i)). 

i=i 

Now choose K — 1 real numbers — oo = uq < u\ < ■ ■ ■ < uk = oo so that the 
probability that X falls in the open interval (v,i-i,Ui) is < K~ l for all i. Do 
the same for Y to get Vj's. Then let the x^'s be the union of the Ui's and 
— Uj's (so N < 2K). With this choice, we see that each of the probabilities 
in the last sum of (7.15) is < A'" 1 , so their product is < K~ 2 . Hence the 
right-hand side is > —IK a — 2KK~ 2 . Now choosing K to equal the nearest 
integer to a -1 / 2 , we conclude that P(Z < 0) — P(Z < 0) > —const • a 1 / 2 . By 
a symmetric argument, we get the other inequality, so \P(Z < 0) — P(Z < 
0)| <C a 1 / 2 , which is sufficient. □ 
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8. A variance estimate. The task of providing a lower bound on the 
variance of N and A has already been completed by Barany and Reitzner [2] , 
page 4, Theorem 2.1. They prove the following theorem. 

Proposition 8.1. Provided //K-([a,/J]) » 1, we have the estimates 

(8.1) VariV(a,/3)»^([a,/3]), 

(8.2) VarA(a,/9)» fi K ([a,p]). 

In fact, Barany and Reitzner's result is valid for random polytopes as well. 
They only state this estimate in the case [a,/3] = M./2n, though their proof 
is valid in general. We also note that they phrase their result in terms of the 
area of the e-wet part of K; we have replaced this with the affine invariant 
measure using Lemma 4.3. 

9. Proof of Theorem 1.2. Let X denote either N or A. 

From linearity of the expectation, one immediately observes that ELY] x 
^ft-(M/2-7r). Proposition 8.1 implies that 

(9.1) n K (R/27r)<VaxX. 

Thus it suffices to show the reverse inequality. For this, simply decompose 
M/2ir into L intervals of affine invariant measure x 1, and then write 

L 

VarX = VarX(«j, aj + i) 

(9.2) 

+ 2 ^2 Cov(X(ai,a i+ i),X(aj,a j+1 )). 

l<i<j<L 

Proposition 6.1 shows that the sum of variances is <C L. Proposition 7.5, 
Lemma 7.6 and Proposition 6.1 imply that the sum of covariances is <C L. 
Hence the right-hand side is ^ L as needed. 

10. Proof of Theorem 1.1. We need the following central limit theorem 
appearing in a survey article by Sunklodas [14]: 

Theorem 10.1 (In English translation [13], page 133, Theorem 10). Let 
X = ^2d = i X{ where X±, . . . ,Xi are random variables. Additionally suppose 
that: 

. Epq 3 <Ci, 

• Xi,...,Xl are a-mixing with a <C2exp(—5\i — j\), 
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for some 5 > and C\, C 2 < oo. Then there exists M < oo suc/i that 



(10.1) 



sup 



P 



X-EX 



( VVarT 



< x 



< M 



L(log£) 2 
(VarX)" 3 / 2 ' 



We have everything necessary to apply Theorem 10.1 to AT and A, ex- 
cept that our decomposition is "circular." Thus, for example, Theorem 10.1 
shows immediately that N(a,a + ir) satisfies a central limit theorem for any 
a, but does not directly apply to give a central limit theorem for N. For 
completeness, we include the following proof, where we derive Theorem 1.1 
just using Theorem 10.1 as a black box. The reader who is willing to believe 
the natural extension of Theorem 10.1 to our situation may want to omit it, 
as it is essentially just a straightforward calculation. 



Proof of Theorem 1.1. Suppose K is given with Area(K) > 1. Let 
X denote either N or A. In this proof 5 > denotes some positive absolute 
constant, possibly different at each occurrence. 

The function f(a) = /j,k([o(, a + n]) on W/2ir satisfies f(a) + f(a + n) = 
/xft-(M/27r). Thus by continuity we may find a such that /^([a, a + n]) = 
+ TTj a + 27r]). Without loss of generality, we may assume /xr-([0, it]) = 
^A-([7r,27r]). Set L = fj, K (R/2ir). 

We let £ denote a quantity much smaller than L (we will eventually let £ 
equal some large multiple of logL). We pick cti,f3i,ct2, fii so that n([0, ai]) = 
h([(3i,tt]) = n([n, a 2 }) = fi([f3 2 , 2vr]) = £. Then we set 



(10.2) 
(10.3) 



X 2 



X(a\,Px), 
X(a 2 ,/3 2 ). 



Observe that by partitioning [aj,/3j] into intervals of affine invariant measure 
x 1, we may apply Theorem 10.1 (appealing to Propositions 6.1 and 7.5). 
Thus remembering Proposition 8.1, we may write 



(10.4) 



P 



r xj-E[Xj 

{ VVarX" 



< x 



log 2 L 



L 



Let Y equal the sum of independent copies of X\ and X 2 . Then (10.4) 
implies that 

$(x) 



(10.5) 



Y — E[Y] 



■( 



< x 



L 



By Proposition 7.5, X\ and X 2 are a-mixing with aCe Si . Proposition 
6.1 shows EflXjl 3 ] 1 / 3 < L. If we let Y = X t + X 2 , then Lemma 7.7 implies 
that \P(Y < x) - P(Y < x) \ < e _5£ . Lemma 7.6 implies 

(10.6) CoviXuX^^tfe- 61 . 
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Since Var Y = Var Y + 2 Cov(Vi , X 2 ) and Var 7xL,we have Var Y = (1 + 

0(Le~ 5L ))VarY. Hence \$(y/VixYx) - $(VVarYx)| <Le~ M . Hence we 
conclude that 



(10.7) 



P 



Y-E[Y] 
VVaiY 



< x 



3>(x) 



log L _ s/ _ 



L 

log 2 L r _„ 



Now the final part of our argument is to translate this into a statement 
about X. Let E = X(fi2, «i) + ct^)- Thus by definition, we have X = 

Y + E. Using Proposition 6.1, it is evident that E[exp(5£~ 1 E)] <C 1 for some 
absolute 5 > 0. From this, we conclude that P(exp(5£~ 1 E) > M) <C M" 1 . 
Thus P(E > M) < e" 5M ^. Now we pick M = £ 2 , so that 

(10.8) P(E>£ 2 )<^e- M . 



Y+E-E[Y] 
VVarF 



< x). 



Now examine (10.7), and consider what this says about P( 

We have VVarY x VZ, so (10.8) implies that P(E/VXarY $ [0,£ 2 /VI]) < 
e" M . Thus 

'Y + E-K{Y] 



< x 



(10.9) 



VVarY 

y - e[y] 



p 



VVarY 



<x 



$(x) 
- $>(x) 



+ e~" + 



io g 2 L T _ Si e 



Now E[i£] x I, so adding E[22] in the numerator adds at most 
error. Hence 

$(x) 



L to the 



(10.10) 



P 



X - E[X] 



v / Va7Y 



< x 



10g 2 L _ „ 



L 



Observe that Var E < £, so Var V = Var Y + 2 Cov( Y, E) + Var E = Var Y + 
0{^jL\fi) + 0(£), so the relative error is <C -^7= + ^. Thus we have 



(10.11) 



,( X-E[X] 
V VVarX 



<x 



<— 2— + Le 



3>(x) 



£ 2 £ 



Taking £ to equal a sufficiently large multiple of logL, we achieve the desired 
estimate. □ 
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APPENDIX: PROOF OF LEMMA 7.2 

Lemmas A.l and A. 2 below combine easily to give Lemma 7.2. The proof 
of Lemma A.l follows [7], where similar manipulations are performed. 

Lemma A.l. Let [9i,9 2 ] & n d [1^1,1^2] be two disjoint intervals in M/2ir. 
Let A G P^fo] an d B G ftyiM' Then 
\P(An B) - P(A)P(B)\ 

(A.l) 

<2 Yl 1 1 dP(W(9 i )=p)dP(W(i> j 



ij'e{l,2} 



where R(ct,f3) is the set of pairs (p,q) G K x K such that it is impossible 
that W(a) =p and W(j3) = q. 

PROOF. We have that P(A n B) is given by 

ffff P(AnB\(W(9 1 ),W(9 2 ),W^ 1 ),W^ 2 )) = {p 1 ,p 2 ,q 1 ,q 2 )) 

(A.2) JJJJK4 

x dP((W(9 1 ),W(9 2 ),W(^ l ),W(^ 2 )) = (pi,p 2 ,qi,q 2 )) 

and P(A)P(B) by 

J J P(A\(W(e 1 ),W(6 2 )) = (pi, P2 ))dP((W(9 l ),W(9 2 )) = ( Pl ,p 2 )) 

(A.3) x f f j P(B\(WM,W(ih)) = (q li g a )) 

xdP((W(iP 1 ),W(ip 2 )) = (q 1 ,q 2 )). 



K 2 



Now given W(9i), W(9 2 ), W(ipi) an d W(ijj 2 ), the events A and B are inde- 
pendent. In other words the two integrands above are equal (although the 
measures are not). Hence we conclude that 

\P(ADB)- P(A)P{B)\ 



(A.4) <J J J JJdP((W(9 1 ),W(9 2 ),W(i; 1 ),W(ij 2 )) = (p 1 ,p 2 ,q 1 ,q 2 )) 

- dP{{W{9 l ),W{9 2 )) = (pi,j*))dP((TWi),WW) = (<&,<fc))l- 
Now define the set 

^1,02,^1,^2 = {(Pi>P2,9l)?2) G 
(A.5) (W(0i),W(0 2 ),W(^),W(^2)) = (pi,P2,gi,«2) 

is impossible}. 
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We will calculate the right-hand side of (A. 4) by splitting up the inte- 
gral as IiRoifatirts) + I (. R ei,e 2 ,^i,^ ( Le -' tlie inte g ral over R 6iMi,i> 2 
and the integral over its complement). Since the first measure in ques- 
tion dP{{W{9 1 ),W{9 2 ), W(ih),W(ih)) = (pi,P2, ?!,<&)) is supported on 

^91,92^1^2' we triviall y have that 

[dP((W{9 1 ), W(9 2 ), W{fa), WW) = (p uP2 , q u q 2 )) 

'^1 tV"l 1*02 

- dP((W(9 1 ),W(e 2 )) = ( Pl ,p 2 ))dP((WW,WW) = (qi,q 2 ))] 

(A.6) 

dP((w(e 1 ),w(9 2 )) = ( Pl ,p 2 )) 

xdP((W(ip 1 ),W& 2 )) = (q 1 ,q 2 )). 
Now observe that on g 2 . . , we have 

dP((W{9x), W(9 2 ),W W^W) = ( P i,p 2 ,qi,q 2 )) 

(A.7) 

> dP((W(9 1 ),W(9 2 )) = ( Pl ,p 2 )) dP((WM, W{^ 2 )) = (qi,q 2 )). 
From this, it is clear that equation (A.6) is equivalent to 

Thus the right-hand side of (A. 4) in fact equals 2/(i?e lj e 2i ^, li ^, 2 ). Hence we 
conclude that \P(ADB) - P{A)P{B)\ is bounded above by 

dP((W(9 1 ),W(9 2 )) = (p 1 ,p 2 )) 

9-\ ,0n ,"01 ii>0 

(A.9) 

xdP((WW,WW) = ( qi ,q 2 )). 

If we define R(9,ip) := {(p,q) e K 2 : (W(9), W(ip)) = (p,q) is impossible}, 
then 

(A.10) Re lM ^2= (J RtfiW^K 2 - 

i,je{i,2} 

Thus we conclude that 

\P{AnB)-P{A)P(B)\ 

(A.ll) <2 V ft ft dP((W(9 1 ),W(9 2 )) = ( Pl , P2 )) 

. .t7T r,i J J J JR(6i,ibi)xK 2 




xdP((WW,WW) = ( qi ,q 2 )). 



Integrating out the undesired indices on the right-hand side yields the correct 
result. □ 
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Lemma A. 2. We have 

dP{W(a) = p) dP{W{(3) = q) 



(A.12) 



a, P 



<2 exp(-A(p,a))exp(-A(p,P))dp. 
Jk 

-2 . 



Proof. This relies on the observation that R a ^ = {(p, q) 6 K :q ^ 
H p ,/3}U{(p,q) £K 2 :p£ H q>a \. Now recalling that dP(W{a) =p) = A(p,a)dp 
(Lemma 3.4), we calculate 

dP(W{/3) = q) dP(W{a)=p) 

k-h P:0 

(A.13) = / exp(-A(p,P))dP(W(a)=p) 

Jk 

exp(-A(p, 13)) exp(-A(p, a)) dp. 

Thus the result follows. □ 
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